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Abstract. In this paper, we prove Hamilton’s Harnack inequality and the
gradient estimates of the logarithmic heat kernel for the Witten Laplacian
on complete Riemainnian manifolds. As applications, we prove the W -entropy
formula for the Witten Laplacian on complete Riemannian manifolds, and prove
a family of logarithmic Sobolev inequalities on complete Riemannian manifolds
with natural geometric condition.
1 Introduction
Differential Harnack inequality is an important tool in the study of heat equation on complete
Riemannian manifolds [19, 10, 20, 39, 8, 9]. In [16], Hamilton proved a Harnack inequality
for positive and bounded solutions to the heat equation on compact Riemannian manifolds.
More precisely, let M be a complete Riemannian manifold, and suppose that there exists a
constant K ≥ 0 such that
Ric ≥ −K.
Then, for any positive and bounded solution u to the heat equation
∂tu = ∆u,
it holds
|∇ log u|2 ≤
(
1
t
+ 2K
)
log(A/u), ∀x ∈M, t > 0,
where
A := sup{u(t, x) : x ∈M, t ≥ 0}.
In [18], Kotschwar extended Harmilton’s Harnack inequality to complete Riemannian
manifolds with non-negative Ricci curvature. As application, he proved the following gradi-
ent estimates of the logarithmic of the heat kernel pt(x, y) of the Laplace-Beltrami operator
on complete Riemannian manifolds with non-negative Ricci curvature. More precisely, for
all δ > 0, there exists a constant C = C(n, δ) > 0, such that
|∇ log pt(x, y)|2 ≤ 2
t
(
C +
d2(x, y)
(4− δ)t
)
, ∀x, y ∈M, t > 0.
The purpose of this paper is to prove Hamilton’s Harnack inequality and gradient esti-
mates of the logarithmic of the heat kernel of the Witten Laplacian on complete Riemannian
∗Research supported by NSFC No. 11371351, Key Laboratory RCSDS, CAS, No. 2008DP173182, and a
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manifolds with weighted volume measure. As application, we derive the W -entropy formula
and prove the rigidity theorem of the W -entropy for the Witten Laplacian on complete
Riemannian manifolds with natural Bakry-Emery curvature condition. Indeed, the relation
between the W -entropy functional and the differential Harnack inequality has been recently
investigated by many authors [35, 33, 34, 9, 12, 26].
LetM be a complete Riemannian manifold with a fixed Riemnnian metric g, φ ∈ C2(M)
and dµ = e−φdv, where v is the Riemannian volume measure on (M, g), and let
L = ∆−∇φ · ∇
be the Witten Laplacian on (M, g) with respect to the weighted volume measure µ. For all
u, v ∈ C∞0 (M), the following integration by parts formula holds∫
M
〈∇u,∇v〉dµ = −
∫
M
Luvdµ = −
∫
M
uLvdµ.
In [5], Bakry and Emery proved that for all u ∈ C∞0 (M),
L|∇u|2 − 2〈∇u,∇Lu〉 = 2|∇2u|2 + 2Ric(L)(∇u,∇u), (1)
where
Ric(L) = Ric+∇2φ.
The formula (1) can be viewed as a natural extension of the Bochner-Weitzenbo¨ck formula.
The quantity Ric(L) = Ric+∇2φ, called the Bakry-Emery Ricci curvature on the weighted
Riemannian manifolds (M, g, φ), plays as a good substitute of the Ricci curvature in many
problems in comparison geometry and analysis on complete Riemannian manifolds with
smooth weighted volume measures. See [5, 14, 15, 20, 23, 24, 32, 42, 30, 31] and reference
therein.
Following [5, 27, 20], we introduce the m-dimensional Bakry-Emery Ricci curvature on
(M, g, φ) by
Ricm,n(L) := Ric+∇2φ− ∇φ⊗∇φ
m− n ,
where m ≥ n is a constant, and m = n if and only if φ is a constant. When m = ∞, we
have Ric∞,n(L) = Ric(L). When m ∈ N, the m-dimensional Bakry-Emery Ricci curvature
Ricm,n(L) has a very natural geometric interpretation. Indeed, consider the warped product
metric on Mn × Sm−n defined by
g˜ = gM
⊕
e−
2φ
m−n gSm−n .
where Sm−n is the unit sphere in Rm−n+1 with the standard metric gSm−n . By a classical
result in Riemaniann geometry, the quantity Ricm,n(L) is equal to the Ricci curvature of
the above warped product metric g˜ on Mn × Sm−n along the horizontal vector fields. See
[27, 20, 42].
We now state the main results of this paper. The first result of this paper is the following
improved version of the Harnack Harnack inequality for the heat equation of the Witten
Laplacian on complete Riemannian manifolds.
Theorem 1.1 Let M be a complete Riemannian manifold, and φ ∈ C2(M). Suppose that
there exists a constant K ≥ 0 such that
Ric(L) ≥ −K.
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Let u be a positive and bounded solution to the heat equation
∂tu = Lu.
Let A := sup{u(t, x) : x ∈M, t ≥ 0}. Then
|∇ log u|2 ≤ 2K
1− e−2Kt log(A/u). (2)
The following result extends the Hamilton Harnack inequality to the Witten Laplacian
on complete Riemannian manifolds.
Theorem 1.2 Under the same condition as in Theorem 1.1, the Halmilton Harnack in-
equality holds
|∇ log u|2 ≤
(
1
t
+ 2K
)
log(A/u). (3)
Letting t → ∞ in Theorem 1.2, we can derive the following gradient estimate and the
Liouville theorem due to Brighton [7]. See also Remark 2.3 below.
Corollary 1.3 Let u be a bounded and positive L-harmonic function u on M . Then, under
the same condition as in Theorem 1.1, we have
|∇ log u| ≤ 2K log(A/(u − inf u)),
where A = supu − inf u. In particular, if Ric+∇2φ ≥ 0, then every bounded L-harmonic
function must be constant.
Let pt(x, y) be the heat kernel of L with respect to the reference measure µ, i.e., the
fundamental solution of the heat equation ∂tu = Lu. The following result extends Hamilton
and Kotschwar’s gradient estimate to the logarithmic heat kernel of the Witten Laplacian
on complete Riemannian manifolds with natural geometric condition.
Theorem 1.4 Let M be a complete Riemannian manifolds, and φ ∈ C2(M). Suppose that
there exist some constant m ≥ n and K ≥ 0 such that
Ricm,n(L) ≥ −K.
Then, for all T > 0, there exists a constant C(K,m, n, T ) > 0 such that
|∇ log pt(x, y)| ≤ C(K,m, n, T )
(
d(x, y)
t
+
1√
t
)
holds for all x, y ∈M and t ∈ (0, T ].
The following result gives the higher order gradient estimates for the logarithmic heat
kernel of the Witten Laplacian on complete Riemannian manifolds with natural geometric
condition.
Theorem 1.5 Let (M, g) be an n-dimensional complete Riemannian manifold. Suppose
that ‖∇kRiem‖ ≤ Ck for some constant Ck > 0, 0 ≤ k ≤ N , φ ∈ CN+1(M) with ∇φ ∈
CNb (M), and there exists some m ≥ n, K ≥ 0 such that Ricm,n(L) ≥ −K. Then, for all
T > 0, there exists a constant CN (K,m, n, T ) > 0 such that
|∇N log pt(x, y)| ≤ CN (K,m, n, T )
(
d(x, y)
t
+
1√
t
)N
holds for all x, y ∈M and t ∈ (0, T ].
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As an application of Theorem 1.4 and Theorem 1.5, we prove the following W -entropy
formula for the Witten Laplacian on complete Riemannian manifolds, which extends a pre-
vious result due to Ni [33, 34] for the case m = n and L = ∆.
Theorem 1.6 Let (M, g) be a complete Riemannian manifold. Suppose that ‖∇kRiem‖ ≤
Ck for some constant Ck > 0, 0 ≤ k ≤ 2, φ ∈ C4(M) with ∇φ ∈ C3b (M), and there exists
some m ≥ n, K ≥ 0 such that Ricm,n(L) ≥ −K. Let u(t, x) = e−f(4pit)m/2 be the heat kernel
of the heat equation ∂u∂t = Lu. Let
Wm(u, t) =
∫
M
(
t|∇f |2 + f −m) e−f
(4pit)m/2
dµ
be the W -entropy of the Witten Laplacian L on (M, g, µ). Then, for all t > 0, we have
dWm(u, t)
dt
= −2
∫
M
t
(∣∣∣∇2f − g
2τ
∣∣∣2 +Ricm,n(L)(∇f,∇f)) udµ
− 2
m− n
∫
M
t
(
∇φ · ∇f + m− n
2t
)2
udµ. (4)
In particular, if Ricm,n(L) ≥ 0, then Wm(u, t) is non-increasing in t, and Wm(u, t) attains
its minimum at some point t0 > 0, i.e.,
dWm(u,t)
dt = 0 holds at t = t0, if and only if (M, g)
is isometric to Euclidean space Rn, m = n, φ ≡ C for a constant C ∈ R, and
u(t, x) =
e−
‖x‖2
4t
(4pit)n/2
, ∀x ∈ Rn, t > 0.
In our previous paper [23], we proved theW -entropy formula (4) for the Witten Laplacian
on complete Riemannian manifolds satisfying the condition in Theorem 1.6 and the following
uniform volume lower bound condition: there exists a constant r0 > 0 such that
µ0 = inf{µ(B(x, r0) : x ∈M} > 0. (5)
By Theorem 2.8 in [22], on complete Riemannian manifolds with Ricm,n(L) ≥ −K and
satisfying the uniformly lower bound condition (5), the following Sobolev inequality holds
‖f‖22m
m−2
≤ C
(∫
M
|∇f |2dµ+
∫
M
|f |2dµ
)
, ∀f ∈ C∞0 (M).
Thus, at least from a geometric and analytic point of view, the uniformly volume lower
bound condition (5) is too restrictive for the validity of the W -entropy formula (4) for the
Witten Laplacian on complete Riemannian manifolds. Our new observation in Theorem
1.6 here is that we can remove the uniform volume lower bound condition (5) to establish
the W -entropy formula (4). This is essentially based on the fact that Theorem 1.4 and
Theorem 1.5 hold on complete Riemannian manifolds on which we need not to assume the
uniform volume lower bound condition (5). Indeed, just after the paper [23] was accepted,
we observed that the uniform volume lower bound condition (5) can be removed. See the
Note added in proof of [23].
As an application of Theorem 1.6, we prove the following result, which indicates that
the uniform volume lower bound condition (5) allows us to derive a family of logarithmic
Sobolev inequalities on complete Riemannian manifolds.
Theorem 1.7 Let (M, g, φ) be a weighted complete Riemannian manifold as in Theorem
1.6 and satisfying the uniform volume lower bound condition (5). Then, for any τ > 0, the
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following logarithmic Sobolev inequality holds: for all v ∈ W 1,2(M,µ) with ∫
M
v2dµ = 1, we
have ∫
M
v2 log v2dµ ≤ 4τ
∫
M
|∇v|2 −m
(
1 +
1
2
log(4piτ)
)
− µ(τ),
where
µ(τ) := inf
{
Wm(u, τ) : u =
e−f
(4piτ)m/2
,
∫
M
udµ = 1
}
is a finite number.
Remark 1.8 Theorem 1.4 and Theorem 1.5 are improved versions of Theorem 4.1 and The-
orem 4.2 obtained in [23], where the uniform volume lower bound condition (5) is assumed.
When M is a compact Riemannian manifold and φ is a constant, Theorem 1.4 and Theorem
1.5 are due to Hamilton [16], Sheu [36], Hsu [17] and Stroock-Turesky [38]. In the case where
L = ∆ is the Laplace-Beltrami operator on complete Riemannian manifolds with bounded
geometry condition (in particular, the uniform volume lower bound condition (5) holds for
µ = ν) and for small time t > 0, Theorem 1.4 is due to Engoulatov [13]. In [18, 11], the
authors proved the gradient estimates in Theorem 1.4 for L = ∆ on complete Riemannin
manifolds with non-negative Ricci curvature.
Remark 1.9 In [25], Songzi Li and the author gave a new proof of the W -entropy formula
on Riemannian manifolds by using the warped metric product
g˜ = gM
⊕
e−
2φ
m−n gN .
on M ×N , where (N, gN ) is any fixed compact Riemannian manifold of dimension m− n.
This gives a natural geometric interpretation of the third term appeared in (4). See Remark
2.2 in [25]. Moreover, we extended the W -entropy formula (4) to the heat equation of the
time dependent Witten Laplacian on compact Riemannian manifolds on which the metrics
{g(t), t ∈ [0, T ]} and the potential functions {φ(t), t ∈ [0, T ]} evolve along the m-dimensional
Perelman Ricci flow and the conjugate heat equation
∂g
∂t
= −2
(
Ric+∇2φ− ∇φ⊗∇φ
m− n
)
,
∂φ
∂t
= −R−∆φ+ |∇φ|
2
m− n.
In this case, without assuming Ricm,n(L) ≥ 0, we prove in [25] that the W -entropy for the
positive solution of the forward heat equation
∂tu = Lu
of the time dependent Witten Laplacian L = ∆−∇φ ·∇, is non-increasing in time t ∈ [0, T ].
The rest of this paper is organized as follows. In Section 2, we prove the Hamilton type
Harnack inequalities (Theorem 1.1 and Theorem 1.2) for the Witten Laplacian on complete
Riemanian manifolds. In Section 3, we use Theorem 1.2 to prove the first order gradient
estimate of the logarithmic heat kernel of the Witten Laplacian, i.e., Theorem 1.4. In Section
4, we use a probabilistic approach to prove the gradient estimates of the logarithmic heat
kernel of the Witten Laplacian, i.e., Theorem 1.4 and Theorem 1.5. In Section 4, we prove
the W -entropy formula and derive the monotonicity and rigidity theorem of the W -entropy
for the Witten Laplacian on complete Riemannian manifolds, i.e., Theorem 1.6. In Section
5, we prove a family of logarithmic Sobolev inequalities on complete Riemannian manifolds
with the uniform volume lower bound condition, i.e., Theorem 1.7.
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2 Hamilton’s Harnack inequality
In this section we give two proofs of Theorem 1.1 and Theorem 1.2.
Direct Proof of Theorem 1.1. Similarly to [16], a direct calculation and the generalized
Bochner formula yield
(∂t − L) |∇u|
2
u
= − 2
u
|∇2u− u−1∇u⊗∇u|2 − 2u−1(Ric+∇2φ)(∇u,∇u)
≤ 2Ku−1|∇u|2.
Moreover
(∂t − L)(u log(A/u)) = |∇u|
2
u
.
Let ψ(t) = 1−e
−2Kt
2K . Then
ψ′(t) + 2Kψ(t) = 1.
Define
h(x, t) := ψ(t)
|∇u|2
u
− u log(A/u).
We have
(∂t − L)h = ψ′(t) |∇u|
2
u
+ ψ(t)(∂t − L) |∇u|
2
u
− (∂t − L)u log(A/u)
≤ ψ′(t) |∇u|
2
u
+ 2Kψ(t)
|∇u|2
u
− |∇u|
2
u
= 0.
Note that
h(x, 0) = −u log(A/u)(x, 0) ≤ 0.
In the case M is compact, the maximum principle yields that h(x, t) ≤ 0 for all time
t > 0 and x ∈ M . In the case M is a complete non-compact Riemannian manifold with
Ric(L) ≥ −K, we can give a probabilistic proof to (2) as follows. Indeed, on any complete
Riemannian manifold M with Ric(L) ≥ −K, a previous result due to Bakry [3] says that
the L-diffusion process on M has infinity lifetime. Let Xt be the L-diffusion process on M
starting from X0 = x. Applying Itoˆ’s formula to h(Xt, T − t), t ∈ [0, T ], we have
h(Xt, T − t) = h(X0, T ) +
∫ t
0
∇h(Xs, T − s) · dWs +
∫ t
0
(
L− ∂
∂t
)
h(Xs, T − s)ds,
where the second term in the right hand side is the Itoˆ’s stochastic integral with respect to
a M -valued Brownian motion {Ws, s ∈ [0, t]}. In particular, taking t = T , we obtain
h(XT , 0) = h(X0, T ) +
∫ T
0
∇h(Xs, T − s) · dWs +
∫ T
0
(
L− ∂
∂t
)
h(Xs, T − s)ds.
Taking the expectation on both sides, the martingale property of Itoˆ’s integral implies that
E [h(XT , 0)] = h(x, T ) + E
[∫ T
0
(
L− ∂
∂t
)
h(Xs, T − s)ds
]
≥ h(x, T ).
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As h(y, 0) ≤ 0 for all y ∈M , we derive that h(x, T ) ≤ 0 for all T > 0 and x ∈M . 
Alternative proof of Theorem 1.1. By [4, 6], we know that Ric(L) ≥ −K if and only
the following version of logarithmic Sobolev inequality holds: for all T > 0, f ∈ Cb(M) with
f > 0,
|∇PT f |2
PT f
≤ 2K
1− e−2KT (PT (f log f)− PT f logPT f) . (6)
Replacing f by Ptf and using the fact that 0 < Ptf(x) ≤ A for all x ∈M , one has
|∇PT+tf |2
PT+tf
≤ 2K
1− e−2KT (PT (Ptf logA)− PT+tf logPT+tf) .
Thus
|∇ logPT+tf |2 ≤ 2K
1− e−2KT log(A/PT+tf), ∀ t > 0.
Taking t→ 0+ we have
|∇ logPT f |2 ≤ 2K
1− e−2KT log(A/PT f).
This finishes the proof of Theorem 1.1. 
Proof of Theorem 1.2. We can derive the Hamilton Harnack inequality (3) from the
Harnack inequality (2) in Theorem 1.1. More precisely, using the inequality 2K1−e−2KT ≤
2K + 1T , we have
|∇ logPT f |2 ≤
(
2K +
1
T
)
log(A/PT f).
Note that, if we follow Hamilton [16] to use the function ψ(t) = t2Kt+1 (instead of ψ(t) =
1−e−2Kt
2K ), then ψ
′(t)+2Kψ(t) ≤ 1. By the same argument as in the direct proof of Theorem
1.1, we can give a direct proof of the Harnack inequality (3). 
Remark 2.1 As was pointed out in Section 1, Theorem 1.2 was first proved by Hamilton [16]
for the heat equation of the Laplace-Beltrami operator on compact Riemannian manifolds
and was extended to complete Riemannian manifolds with Ricci curvature bounded from
below by Kotschwar [18]. For a probabilistic proof of Hamilton’s Harnack inequality for
L = ∆ on compact or complete Riemannian manifolds, see [1]. The local version of Theorem
1.1 for the Laplace-Beltrami operator was proved by Souplet-Zhang [37]. In [2] (Theorem
5.1), Arnaudon, Tahlmaier and Wang extended the local estimate of Souplet-Zhang [37] to
the heat equation of the Laplacian with general drift L = ∆+Z, where Z is not necessary of
gradient form Z = ∇φ and the Laplacian comparison theorem for L = ∆ + Z is essentially
used. Taking R → ∞ in [2], we can derive the following estimate for the bounded and
positive solution of the heat equation ∂tu = Lu: there exists a constant C > 0, which
depends only on n = dimM , such that for all x ∈M and t > 0, it holds
|∇ log u|2 ≤ C
(
1
t
+K
)
[1 + log(A/u)] . (7)
where A := sup{u(t, x) : x ∈M, t ≥ 0}.
As a corollary of the above theorem, we can derive the following gradient estimate and
the Liouville theorem due to Brighton [7] for bounded L-harmonic functions.
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Corollary 2.2 (i.e., Corollary 1.3)) Suppose that Ric(L) = Ric + ∇2φ ≥ −K for some
constant K ≥ 0. Then every bounded L-harmonic function u satisfies
|∇ log u| ≤ 2K log(A/(u − inf u)), (8)
where A = supu − inf u. In particular, if Ric(L) = Ric + ∇2φ ≥ 0, then every bounded
L-harmonic function must be constant.
Proof. Applying (3) to u(t, x) = u(x)− inf u, x ∈M , t > 0, we have
|∇ log u(x)|2 ≤
(
2K +
1
T
)
log (A/(u(x)− inf u)) , ∀T > 0.
Taking T → ∞, we derive (8). In particular, if K = 0, we have |∇ log u| = 0. This finishes
the proof of Corollary 2.2. 
Remark 2.3 In the case L = ∆, Yau [40] proved that, on complete Riemannian manifolds
with Ricci curvature bounded below by −K, i.e., Ric ≥ K, every harmonic function which
is bounded below by a constant satisfies the gradient estimate
|∇ log u| ≤
√
(n− 1)K(u − inf u).
In particular, Yau [40] proved the Strong Liouville theorem holds: On complete Riemannian
manifolds with non-negative Ricci curvature, every positive (and hence bounded) harmonic
function must be constant. See also [39]. In [20], the author extended Yau’s gradient
estimate and Strong Liouville theorem to the L-harmonic functions on complete Riemnnian
manifolds via the Bakry-Emery Ricci curvature: Suppose that Ricm,n(L) ≥ −K for some
constant K ≥ 0. Then every L-harmonic function u, which is bounded from below, satisfies
the following gradient estimate
|∇ log u| ≤
√
(m− 1)K(u− inf u).
In particular, if Ricm,n(L) ≥ 0, then all positive (and hence bounded) L-harmonic functions
must be constant. In [21], the local gradient estimates was proved for L-harmonic functions:
If Ricm,n(L) ≥ −K, then every positive L-harmonic function u onM satisfies: for all o ∈M ,
and R > 0, we have
|∇ log u(x)| ≤
√
(m− 1)Ku(x) + C(K,m)(R−1/2 +R−3/2), ∀x ∈ B(o,R).
In [7], Brighton proved that, on complete Riemannian manifolds with Ric+∇2φ ≥ 0, every
bounded L-harmonic function must be constant, i.e., Corollary 1.3. Our method for the
proof of Corollary 1.3 is different from [7]. For more recent results, see [30, 31].
3 Proof of Theorem 1.4
In this section, we use Hamilton’s Harnack inequality to prove Theorem 1.4. This proof is
similar to the one given in [18, 11] for the gradient estimate of the logarithmic heat kernel of
the Laplace-Beltrami operator on complete Riemannian manifolds with non-negative Ricci
curvature.
To prove Theorem 1.4, we need the following estimates on the heat kernel of the Witten
Laplacian on complete Riemannian manifolds with weighted volume measure.
Proposition 3.1 Suppose that there exist some constants m ≥ n, m ∈ N and K ≥ 0
such that Ricm,n(L) ≥ −K. Then, for any small ε > 0, there exist some constants Ci =
Ci(m,n,K, ε) > 0, i = 1, 2, such that for all x, y ∈M and t > 0,
pt(x, y) ≤ C1
µ(By(
√
t))
exp
(
− d
2(x, y)
4(1 + ε)t
+ αεKt
)
×
(
d(x, y) +
√
t√
t
)m/2
exp
(√
(m− 1)Kd(x, y)
2
)
, (9)
where α is a constant depending only on m, and
pt(x, y) ≥ C2e−(1+ε)λK,mtµ−1(By(
√
t)) exp
(
− d
2(x, y)
4(1− ε)t
)[ √
Kd(x, y)
sinh
√
Kd(x, y)
]m−1
2
, (10)
where
λK,m =
(m− 1)2K
8
.
Proof. The lower bound estimate (10) has proved in [23]. By Theorem 5.4 in [20], for all
ε > 0, there exists a constant C3 = C3(m,n,K, ε) > 0
pt(x, y) ≤ C3√
µ(Bx(
√
t))µ(By(
√
t))
exp
(
− d
2(x, y)
4(1 + ε)t
+ αεKt
)
. (11)
Similarly to [20] (Step 2 of p. 1324), using the Bishop-Gromov relative volume comparison
theorem [32, 20], we have
µ(By(
√
t)) ≤ µ
(
Bx(d(x, y) +
√
t) \Bx(d(x, y) −
√
t)
)
≤ µ(Bx(
√
t))
Vm,K(d(x, y) +
√
t)− Vm,K(d(x, y)−
√
t)
Vm,K(
√
t)
≤ µ(Bx(
√
t))
Vm,K(d(x, y) +
√
t)
Vm,K(
√
t)
,
where Vm,K(r) denotes the volume of geodesic balls of radius r in the m-dimensional hy-
perbolic space form Hm(K) of constant sectional curvature K/m − 1. Using again the
Bishop-Gromov volume comparison theorem on Hm(K), we have
µ(By(
√
t))
µ(Bx(
√
t))
≤ Vm,K(d(x, y) +
√
t)
Vm,K(
√
t)
≤
(
d(x, y) +
√
t√
t
)m
exp[
√
(m− 1)Kd(x, y)]. (12)
By (11) and (12), we can obtain the upper bound estimate (9). 
Proof of Theorem 1.4. Fix T > 0, and let u(t, x) be a positive and bounded solution to
the heat equation ∂tu = Lu, t ∈ (0, t1). Let
A := sup{u(t, x) : 0 ≤ t ≤ t1, x ∈M}.
By Hamilton’s Harnack inequality (3), we have
t|∇ log u(t, x)|2 ≤ (1 + 2Kt) log(A/u(t, x)), ∀(t, x) ∈ [0, t1]×M. (13)
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Let s ∈ (0, T ], y ∈M , t1 = s/2 and u(t, x) = ps/2+t(x, y). By (13), (9) and (10), we have
t|∇x log ps/2+t(x, y)|2 ≤ CK,m,T (1 +Kt)
×
[
1 +
d(x, y)√
t
+ log
(
C1
C2
µ(B(y,
√
s/2 + t))
µ(B(y,
√
s/2))
exp
(
C3
d2(x, y)
s/2 + t
+ C4d(x, y)
))]
.
In particular, taking t = s/2 and changing s by t we get
t
2
|∇x log pt(x, y)|2 ≤ CK,m,T (1 +K t
2
)
×
[
1 +
d(x, y)√
t
+ log
(
C1
C2
µ(B(y,
√
t))
µ(B(y,
√
t/2))
exp
(
C3
d2(x, y)
t
+ C4d(x, y)
))]
.
By the Bishop-Gromov volume comparison (23), we derive
t|∇x log pt(x, y)|2 ≤ CK,m,T
(
1 +
d2(x, y)
t
+
d(x, y)√
t
+ d(x, y)
)
,
which yields
|∇x log pt(x, y)| ≤ CK,m,T
(
d(x, y)
t
+
1√
t
)
.
This finishes the analytic proof of Theorem 1.4. 
4 Gradient estimates of the heat kernel
In this section we use a probabilistic approach to prove Theorem 1.4 and Theorem 1.5. Our
proof is inspired by previous works initialed by Sheu [36], and developed by Hsu [17] and
Engoulatov [13].
Let O(M) be the orthogonal frame bundle over M , pi : O(M) → M the canonical
projection map. Let H1, . . . , Hn be the canonical horizonal vector fields on O(M). Let
Bt be the standard Brownian motion on R
n. Following Malliavin [28, 29], we define the
horizontal L-diffusion process Ut on O(M) by the following Stratonovich SDE on O(M):
dUt =
n∑
i=1
Hi(Ut) ◦ dBit −∇Hφ(Ut)dt, (14)
where ∇Hφ denotes the horizontal lift of the gradient vector field ∇φ on O(M), which is
the unique horizontal vector field on O(M) such that
pi∗(∇Hφ) = ∇φ.
Let
Xt = pi(Ut), ∀t > 0.
Then Xt is a diffusion process on M with infinitesimal generator L. Moreover, we have
dXt = Ut ◦ dBt −∇φ(Xt)dt. (15)
10
Let ∆O(M) =
n∑
i=1
H2i be the horizontal Laplace-Beltrami on O(M). The horizontal
Witten Laplacian is deined by
LO(M) = ∆O(M) −∇Hφ · ∇H .
Fix T > 0. Let Px,y,T be the conditional L-diffusion processes starting from x and ending
at y t time T , i.e.,
Px,y,T (·) = Px(·|XT = y).
Let
J(t, u) = log pT−t(piu, y), ∀u ∈ O(M), t ∈ [0, T ].
By the Grirsanov transformation, we have
dPx,y,T
dPx
∣∣∣∣
Ft
=
pT−t(Xt, y)
pT (x, y)
= exp{J(t, Ut)− J(0, U0)}, ∀t < T.
where Ft = σ(Xs, s ≤ t) is the natural σ-filed generated by Xt. By Itoˆ’s formula, we have
dJ(t, Ut) =
∂J
∂t
(t, Ut)dt+
√
2〈∇HJ(t, Ut), dBt〉+ LO(M)J(t, Ut)dt,
Note that J(t, u) satisfies the Hamilton-Jacobi equation
∂J
∂t
+ LO(M)J + |∇HJ |2 = 0, (16)
which yields
dPx,y,T
dPx
∣∣∣∣
Ft
= exp
[∫ t
0
〈
√
2∇HJ(s, Us), dBs〉 −
∫ T
0
|∇HJ(s, Us)|2ds
]
, ∀t < T.
It follows, by Girsanov’s theorem, that the process
bt = Bt −
√
2
∫ t
0
∇HJ(s, Us)ds, s ∈ [0, T ), (17)
is a Brownian motion under Px,y,T . Substituting (17) into 14) and (15), we have the following
lemma.
Lemma 4.1 The conditional L-diffusion process Xt on M staring from x with terminal end
y at the time T , and its horizontal lift Ut, are the solutions of the following Stratonovich
SDEs:
dUt =
n∑
i=1
Hi(Ut) ◦
[√
2dbit + 2Hi log pT−t(Ut, y)dt
]
−∇Hφ(Ut)dt,
dXt = Ut ◦
[√
2dbt + 2∇H log pT−t(Ut, y)dt
]
−∇φ(Xt)dt,
where bt is a standard Brownian motion on R
n under Px,y,T .
Proposition 4.2 For all 0 < t < T , we have
E[d|∇HJ(t, Ut)|2] = 2E
[|∇H∇HJ |2 + (Ric+∇2φ)(∇HJ,∇HJ)] . (18)
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Proof. By Lemma 4.1 and Itoˆ’s formula, we have
d|∇HJ(t, Ut)|2 = 〈∇H |∇HJ |2,
√
2dbt + 2∇HJdt〉+ (∂t + LO(M))|∇HJ |2dt.
By the generalized Bochner-Weitzenbo¨ck formula, the action of the horizontal Witten Lapla-
cian LO(M) on |∇HJ |2 is given by
LO(M)|∇HJ |2 = 2〈∇HLO(M)J,∇HJ〉+ 2|∇H∇HJ |2 + 2(Ric+∇2φ)(∇HJ,∇HJ).
On the other hand, using the Hamilton-Jacobi equation (16), we have
∂t|∇HJ |2 = 2〈∂t∇HJ,∇HJ〉 = −2〈LO(M)∇HJ,∇HJ〉 − 2〈∇H |∇HJ |2,∇HJ〉.
Combining this with the previous calculation, we have
d|∇HJ(t, Ut)|2 = 〈∇H |∇HJ |2,
√
2dbt〉+ 2
[|∇H∇HJ |2 + (Ric+∇2φ)(∇HJ,∇HJ)] dt.
Taking expectation with respect to Ex,y,T , we complete the proof of Proposition 4.2. 
Proposition 4.3 Suppose that Ric+∇2φ ≥ −K. Then for all T > 0, we have
|∇ log pT (x, y)|2 ≤ 2
(
1
T
+K
)
E
[
log
pT/2(XT/2, y)
pT (x, y)
]
. (19)
Proof. Based on Proposition 4.2, the proof of Proposition 4.3 is similar to the argument used
in [17, 13]. For the convenience of the reader, we give the detail here. Under the condition
Ric+∇2φ ≥ −K, integrating (18) from 0 to t, we have
E[|∇HJ(t, Ut)|2]− |∇HJ(0, U0)|2 ≥ −2KE
[∫ t
0
|∇HJ(s, Us)|2ds
]
.
Integrating again with respect to t we can obtain
T
2
|∇HJ(0, U(0)|2 ≤ (1 +KT )E
[∫ T/2
0
|∇HJ(s, Us)|2ds
]
. (20)
By Itoˆ’s formula and the Hamilton-Jacobi equation (16), we have
dJ(t, Ut) = (∂t + LO(M))Jdt+ 〈
√
2∇HJ, dbt +
√
2∇HJdt〉
= 〈
√
2∇HJ, dbt〉+ |∇HJ |2dt.
Taking expectation with respect to Ex,y,T and integrating from t = 0 to t = T/2, we get
E[J(T/2, UT/2)]− J(0, U0) = E
[∫ T/2
0
|∇HJ |2dt
]
. (21)
Combining (20) with (21), we finish the proof of (19). 
Probabilistic proof of Theorem 1.4. By Proposition 3.1, we have
pt/2(Xt/2, y)
pt(x, y)
≤ C1(K,m, T ) µ(By(
√
t))
µ(By(
√
t/2))
exp
(
d2(x, y)
4(1− ε)t +
√
(m− 1)Kd(Xt/2, y)
2
)
×
(
d(Xt/2, y) +
√
t√
t
)m/2 [ √
Kd(x, y)
sinh
√
Kd(x, y)
]−m−1
2
. (22)
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The Bishop-Gromov volume comparison theorem ([32, 20]) implies
µ(By(
√
t))
µ(By(
√
t/2))
≤ 2m/2 exp(√m− 1Kt) ≤ 2m/2 exp(√m− 1KT ). (23)
Using (22), (23) and the elementary inequality x/ sinhx ≥ e−x, we obtain
log
[
pt/2(Xt/2, y)
pt(x, y)
]
≤ C2(K,m, T )
[
1 +
d(Xt/2, y)√
t
+
d2(x, y)
t
+ d(Xt/2, y) + d(x, y)
]
≤ C3(K,m, T )
[
1 +
d2(Xt/2, y)
t
+
d2(x, y)
t
+ d(Xt/2, y) + d(x, y)
]
.
By Itoˆ’s formula, we can prove that (cf. [23])
Ex,y,T [d
k(xt/2, y)] ≤ (dk(x, y) + 1)eC4(K,m)t, ∀t > 0, k = 1, 2.
Taking expectation with respect to Ex,y,T in (24), we have
Ex,y,T
[
log
pt/2(Xt/2, y)
pt(x, y)
]
≤ C5(K,m, T )
[
1 +
d2(x, y) + 1
t
+ d(x, y)
]
.
By Proposition 4.3, we have
|∇ log pt(x, y)|2 ≤ C6(K,m, T )
[
1
t
+
d2(x, y) + 1
t2
+
d(x, y)
t
]
≤ C7(K,m, T )
[
d(x, y)
t
+
1√
t
]2
.
The proof of Theorem 1.4 is completed. 
Proof of Theorem 1.5. The proof is similarly to Sheu [36] and Hsu [17]. Let I =
{i1, . . . , iN} ,and denote HI = Hi1 . . . HiN , then by Lemma 4.1 and repeatedly using Itoˆ’s
formula, we have
dHIJ = 〈∇HHIJ,
√
2dbt〉+
[
∂tHIJ + LO(M)HIJ + 2〈∇HHIJ,∇HJ〉
]
dt. (24)
Substituting the Hamilton-Jacobi equation (16) into (24), we have
dHIJ = 〈∇HHIJ,
√
2dbt〉+ (FI +GI)dt. (25)
where
FI = [LO(M), HI ]J = [∆O(M), HI ]J − [∇Hφ,HI ]J,
and
GI = 2〈∇HHIJ,∇HJ〉 −HI |∇HJ |2.
By (21) and (22) , we have
E
[∫ T/2
0
|∇HJ(t, Ut)|2dt
]
≤ CT
[
d(x, y)
T
+
1√
T
]2
, (26)
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and by Theorem 1.4, we have
|HiJ(0, U0)| ≤ C
[
d(x, y)
T
+
1√
T
]
. (27)
Note that
[∇Hφ,HI ]J =
n∑
k=1
[(Hkφ)Hk, HI ]J =
n∑
k=1
(Hkφ[Hk, HI ]J −HIHkφHkJ),
and by Cartan’s structure theorem, we have
[Hi, Hj ] = Vij , [Hi, Vjk] = Ω
il
jkHl, [Vij , Vkl] = c
ab
ij,klVab,
where Vij are the vertical fields on O(M), Ω is the o(n)-valued curvature form on O(M),
and cabij,kl are the structure constants of o(n). The assumption of Theorem 1.5 says that the
L∞-norms ‖∇kΩ‖∞ are bounded for all k = 0, 1, . . . , N , and the L∞-norms ‖∇kφ‖∞ are
bounded for k = 1, . . . , N + 1. This yields
|FI | ≤ C1|∇HJ |+ . . .+ C1|(∇H)|I|J |, (28)
|GI | ≤ C1|∇HJ |+ . . .+ C1|(∇H)|I|J |+ C1|(∇H)|I|J |2, (29)
where C1 > 0 is a constant depending only on ‖∇iΩ‖∞ and ‖∇iφ‖∞, i = 1, . . . , |I|. By
induction, and using (25), (26), (27), (28) and (29), we can prove that for all I with 2 ≤
|I| ≤ N ,
E
[∫ T/2
0
|HIJ(t, Ut)|2dt
]
≤ C2
[
d(x, y)
T
+
1√
T
]2(|I|−1)
, (30)
and for all I with |I| ≤ N ,
|HIJ(0, U0)| ≤ C3
[
d(x, y)
T
+
1√
T
]|I|
. (31)
where C2 and C3 are two constants depending on K,m, n, T and C1. The proof of Theorem
1.5 is completed. For the detail of the above induction argument for L = ∆ on compact
Riemannian manifolds, see Hsu [17]. 
5 Proofs of Theorem 1.6
Let
H(u) = −
∫
M
u log udµ.
be the Boltzmann-Shannon-Nash entropy of the heat equation of the Witten Laplacian on
(M, g, µ).
To prove Theorem 1.6, we need the following entropy dissipation formulas for the Witten
Laplacian on complete Riemannian manifolds.
Theorem 5.1 ([23]) Let M be a complete Riemannian manifold, and φ ∈ C2(M). Suppose
that there exists a constant K ≥ 0 such that
Ric(L) ≥ −K.
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Then, for any positive solution to the heat equation
∂tu = Lu
with u(·, 0) ∈ L1(µ) ∩ L4(d(·, o)dµ), where o ∈M is any fixed point, we have
d
dt
H(u) = −
∫
M
Lu logudµ. (32)
Theorem 5.2 Let (M, g) be an n-dimensional complete Riemannian manifold. Suppose
that ‖∇kRiem‖ ≤ Ck for some constant Ck > 0, 0 ≤ k ≤ 3, φ ∈ C4(M) with ∇φ ∈ C3b (M),
and there exists some m ≥ n, K ≥ 0 such that Ricm,n(L) ≥ −K. Then, for the fundamental
solution of the heat equation ∂tu = Lu, we have
d2
dt2
H(u) = −
∫
M
( |Lu|2
u
− 〈∇Lu, ∇u
u
〉
)
dµ, (33)
and
d2
dt2
H(u) = −2
∫
M
(|∇2 log u|2 +Ric(L)(∇ logu,∇ log u))udµ. (34)
Proof. Based on Theorem 5.1, we can prove (33) by the same argument as used in the proof
of Theorem 4.3 in [23]. Integrating by part yields∫
M
|Lu|2
u
dµ = −
∫
M
〈
∇
(
Lu
u
)
,
∇u
u
〉
udµ
= −
∫
M
〈∇Lu,∇ logu〉dµ+
∫
M
Lu|∇ log u|2dµ.
Hence
d2
dt2
H(u) = 2
∫
M
〈
∇Lu, ∇u
u
〉
dµ−
∫
M
Lu|∇ logu|2dµ
= 2
∫
M
〈
∇Lu, ∇u
u
〉
dµ−
∫
M
uL|∇ logu|2dµ.
By the Bochner formula for the Witten Laplacian, we have (see [23])
L|∇ logu|2 = 2〈∇L logu,∇ log u〉+ 2|∇2 log u|2 + 2Ric(L)(∇ logu,∇ log u)
Therefore
d2
dt2
H(u) = 2
∫
M
〈
∇Lu, ∇u
u
〉
dµ− 2
∫
M
〈∇L log u,∇u〉dµ
−2
∫
M
(|∇2 log u|2 +Ric(L)(∇ log u,∇ logu))udµ.
Again, integrating by parts yields∫
M
< ∇L logu,∇u > dµ = −
∫
M
L logu · Ludµ =
∫
M
〈∇ log u,∇Lu〉dµ.
Thus
d2
dt2
H(u) = −2
∫
M
(|∇2 log u|2 +Ric(L)(∇ logu,∇ log u))udµ.
The proof of Theorem 5.2 is completed. 
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Remark 5.3 Theorem 5.2 is an improvement of Theorem 4.3 in [23]. The entropy dissi-
pation formulas (32) and (33) play an important role in the study of the convergence of
the heat kernel measure pt(·, y)dµ(y) towards the equilibrium measure µ. In the case where
M is compact and φ ∈ C3(M), it is well-known that the entropy dissipation formulas (32)
and (33) hold. However, as far as we know, even in the non-weighted case, it seems that
there is no explicit result in the literature (except our previous paper [23]) which ensures the
entropy dissipation formulas (32) and (33) on complete non-compact Riemannian manifolds.
Theorem 5.1 and Theorem 5.2 give us natural geometric conditions on (M, g, φ) to ensure
(32) and (33).
Proof of Theorem 1.6. We simplify the proof of Theorem 2.3 in [23] as follows. Let
Hm(u, t) = −
∫
M
u log udµ− m
2
(1 + log(4pit)) .
By Theorem 5.1 and Theorem 5.2, we have
d
dt
Hm(u, t) = −
∫
M
uL logudµ− m
2t
=
∫
M
(
|∇ log u|2 − m
2t
)
udµ, (35)
and
d2
dt2
Hm(u, t) = −2
∫
M
(|∇2 log u|2 +Ric(L)(∇ log u,∇ logu))udµ+ m
2t2
. (36)
By the definition formula of the W -entropy, we have
Wm(u, t) =
d
dt
(tHm(u, t)) = Hm(u, t) + t
d
dt
Hm(u, t), (37)
and
d
dt
Wm(u, t) = 2
d
dt
Hm(u, t) + t
d2
dt2
Hm(u, t). (38)
Substituting (32) and (35) into (37), and using u = e
−f
(4pit)m/2
, we obtain
Wm(u, t) = −
∫
M
u log udµ− m
2
(1 + log(4pit))− t
∫
M
uL logudµ− m
2
=
∫
M
[
t|∇ log u|2 − log u−m− m
2
log(4pit)
]
udµ
=
∫
M
[
t|∇f |2 + f −m] e−f
(4pit)m/2
dµ.
This proves (4) in Theorem 1.6. Substituting (35) and (36) into (38), we obtain
d
dt
Wm(u, t) = −2
∫
M
uL logudµ− 2
∫
M
t(|∇2 log u|2 +Ric(L)(∇ logu,∇ log u))udµ− m
2t
.
Noting that
2t|∇2 log u|2 + m
2t
= 2t
∣∣∣∇2 log u− g
2t
∣∣∣2 + m− n
2t
+ 2∆ logu,
and by the integration by part formula∫
M
∆ log uudµ =
∫
M
(L log u+∇φ · ∇ log u)udµ
= −
∫
M
|∇ log u|2udµ+
∫
M
∇φ · ∇ log uudµ,
16
we have
d
dt
Wm(u, t) = −2t
∫
M
∣∣∣∇2 log u− g
2t
∣∣∣2 udµ+ 2 ∫
M
∇φ · ∇ log uudµ
−2
∫
M
tRic(L)(∇ log u,∇ logu)udµ− m− n
2t
.
By the same argument as in [23], the above identity yields (4). The monotonicity of W
follows and the rigidity part of Theorem 1.6 can be proved by the same argument used in
Theorem 2.4 in [23]. 
6 LSI and lower boundedness of the µ-entropy
Following [35], we introduce the best logarithmic Sobolev constant (called also the µ-entropy)
µ(τ) := inf
{
Wm(u, τ) : u =
e−f
(4piτ)m/2
,
∫
M
udµ = 1
}
.
In [23], the author proved that µ(τ) is always bounded from below on compact Riemannian
manifolds M with φ ∈ C2(M). In this section, we prove a family of logarithmic Sobolev
inequalities (LSI) on complete Riemannian manifolds with the uniform volume lower bound
condition. The lower boundedness of µ(τ) is also proved.
Proof of Theorem 1.7. Let v =
√
u. Then we can rewrite Wm(u, τ) as follows
Wm(u, τ) = 4τ
∫
M
|∇v|2dµ−
∫
M
v2 log v2dµ−
(
m+
m
2
log(4piτ)
)
.
We need to prove, for all v ∈ C∞0 (M) with
∫
M v
2dµ = 1, we have
4τ
∫
M
|∇v|2dµ−
∫
M
v2 log v2dµ−m
(
1 +
2
log(4piτ)
)
≥ µ(τ) > −∞. (39)
Under the conditions of theorem, by Theorem 2.8 in [22], the following L2-Sobolev inequality
holds: there exists a constant C1(m,K, µ0) > 0, depending only on m,K, µ0, such that
‖f‖22m
m−2
≤ C1(m,K, µ0)(‖∇f ||22 + ‖f‖22), ∀f ∈ C∞0 (M).
By [10], the above L2-Sobolev inequality implies that, for any ε > 0, there exists a constant
β(ε) > 0 such that the following logarithmic Sobolev inequality holds∫
M
f2 log f2dµ ≤ ε
∫
M
|∇f |2 + β(ε)‖f‖22 + ‖f‖22 log ‖f‖22, ∀f ∈ C∞0 (M), (40)
where for some constant C2(m,K, µ0) > 0 depending only on m,K, µ0, we have
β(ε) ≤ C2(m,K, µ0)− m
2
log ε.
Applying (40) to f = v ∈ C∞0 (M) with
∫
M
v2dµ = 1, and taking ε = 4τ , we have
∫
M
v2 log v2dµ ≤ 4τ
∫
M
|∇v|2 −m
(
1 +
1
2
log(4piτ)
)
− µ(τ),
where
−µ(τ) := β(4τ) +m
(
1 +
1
2
log(4piτ)
)
,
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This proves (39) with
µ(τ) ≥ −
(
C2(m,K, µ0) +m+
m
2
log(4pi)
)
, ∀τ > 0.
This finishes the proof of Theorem 1.7. 
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